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In this work, we investigate hole spin-flip transitions in a single self-assembled InGaAs/GaAs
quantum dot. We find the hole wave functions using the 8-band k · p model and calculate phonon-
assisted spin relaxation rates for the ground-state Zeeman doublet. We systematically study the
importance of various admixture- and direct spin-phonon mechanisms giving rise to the transition
rates. We show that the biaxial and shear strain constitute dominant spin-admixture coupling
mechanisms. Then, we demonstrate that hole spin lifetime can be increased if a quantum dot is
covered by a strain-reducing layer. Finally, we show that the spin relaxation can be described by
an effective model.
I. INTRODUCTION
Dynamics of a carrier spin in semiconductor quan-
tum dots (QDs), as well as other semiconductor nanos-
tructures, is a subject of active studies, both theoret-
ical and experimental, due to potential implementa-
tions in fields of spintronics and quantum information
processing1,2. High-fidelity initialization3,4, control5,6,
readout and storage7 of the information encoded in the
spin are essential for future applications. These can be
achieved with hole spin due to its relatively long coher-
ence time8, which is related to significantly weaker hy-
perfine interaction as compared to the electron case9–11.
However, spin life- and coherence times can be limited
by the coupling to phonon bath, leading to the loss of
information to the environment12–14.
The channels of phonon-induced spin-flip can be di-
vided into two classes13,15. The first one contains vari-
ous admixture mechanisms resulting from the spin-orbit
coupling (SOC). Hence, a carrier state with some (domi-
nant) spin orientation has also an admixture of the oppo-
site spin. In consequence, the coupling to a phonon bath
can lead to spin-flip transitions between such states12,13.
The second class of mechanisms results from the direct
spin-phonon coupling. In this case, the displacement
field related to phonons lowers the symmetry, leading
to the spin relaxation in the presence of the spin-orbit
coupling13,15–17.
The processes of hole spin-flip transition in a QD
due to the mechanisms described above were widely
studied7,14,18–25. It has been shown that phonon cou-
pling via piezoelectric field (PZ) is more important at
small and moderate Zeeman splittings, while deforma-
tion potential (DP) coupling becomes dominate for larger
splittings. A detailed comparison of various spin relax-
ation channels was presented in Ref. 14. Therein the
problem was studied within a 4-band k · p model, ne-
glecting structural strain, and combined with the approx-
imation of parabolic potentials. It is known, however,
that strain provides channels of spin mixing26 which can
significantly affect the spin relaxation19. In fact, recent
results show an important contribution to the spin relax-
ation rates coming from the structural shear strain in a
self-assembled QD25.
In this paper, we systematically study the importance
of various phonon-induced spin-flip transition mecha-
nisms for a hole confined in InGaAs/GaAs quantum dot
system. The hole states are calculated using the full 8-
band k · p method for a realistic geometry of the system.
The structural strain distribution is accounted for within
the continuous elasticity approach. The hole is subject to
external magnetic field applied parallel to the growth di-
rection as well as coupled to acoustic phonon reservoir via
deformation potential and piezoelectric field. We show
that the effect of spin-admixture mechanisms (dominant
at low and moderate magnetic fields) coming from the
shear- and biaxial strain, can be limited by the presence
of a strain-reducing layer. Finally, we show that transi-
tions via the spin-admixture channels can be accounted
for using an effective model with Gaussian-like heavy-
hole wave functions.
The paper is organized as follows. In Sec. II, we de-
scribe the QD geometry and discuss the model used in the
calculations. In Sec. III, we present the results for various
spin-flip transition mechanisms and introduce an effective
model describing the relaxation due to spin-admixture ef-
fects. We conclude the article in Sec. IV.
II. MODEL
We consider a single, self-assembled QD of
In0.5Ga0.5As/GaAs (the structure A, Fig. 1a). The
material intermixing is simulated by a Gaussian blur of
the composition with the standard deviation of 0.6 nm.
We model the dot as a lens-shaped structure with a
base radius of 21a, height of 7a, and a thick wetting
layer, where a is the GaAs lattice constant. In the case
of the structure B (see Fig. 1b), the QD is capped by
a In0.2Ga0.8As/GaAs strain-reducing layer (SRL) of
constant thickness. Such layers are often utilized to tune
QD emission to a desired range27–29. In this paper, we
use a SRL to soften strain at the interfaces.
The strain field caused by the lattice mismatch of
InAs and GaAs materials is calculated using the con-
tinuous elasticity approach30. The piezoelectric poten-
tial (inevitable in zinc-blende structure in the presence
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FIG. 1. (Color online) InxGa1−xAs distribution in the system
for the single QD (a) and the QD capped by SRL (b).
of shear strain) is calculated including the polarization
up to the second order in strain tensor elements31, where
we use parameters from Ref. 32. Hole wave functions are
obtained using the 8-band k · p model33,34. We incor-
porated magnetic field according to the gauge-invariant
scheme described in Ref.35. The computational domain
is discretized on a cartesian mesh of a×a×(a/2) cell size.
The k · p model and its implementation is described in
detail in the Appendix of Ref. 36. Moreover, we supple-
ment the Hamiltonian by the additional strain terms26
Hstr,6c8v = i
√
3C2 [Txyz + c.p.]
Hstr,6c7v = −i 1√
3
C2 [σxyz + c.p.] ,
where 6c, 8v and 7v refer to the conduction- and valence
band blocks, ij are strain tensor components σi are the
Pauli matrices, Ti are matrices connecting the j = 1/2
and j = 3/2 representations34, and c.p. denotes cyclic
permutations. Due to lack of available experimental
data for InAs, we assume the value of C2 parameter for
InxGa1−xAs as C2(x) = 0.4Eg(x)[Eg(x) + ∆(x)]/∆(x),
where Eg is the energy gap, ∆ is the spin-orbit param-
eter, and 0.4 was extracted from the experimental data
for GaAs37.
We also take into account terms (in valence band
blocks) which are proportional to the (bi-)axial strain
and k components26,34
H
(k)
str,8v8v = [C4(yy − zz)kx]Jx + c.p.,
H
(k)
str,8v7v =
3
2
[C4(yy − zz)kx]T †x + c.p.,
H
(k)
str,7v7v = [C4(yy − zz)kx]σx + c.p.,
where Ji are matrices of angular momentum (j = 3/2).
The form of H(k)str,7v7v was derived from the table of irre-
ducible tensor components of Td point group given in
Ref.34. There are significant discrepancies in the re-
ported values of C4 parameter. While the empirical pseu-
dopotential method (EPM) gives C4[InAs] = 2.9 eVA˚,
and C4[GaAs] = 3.2 eVA˚; the results of sp3 tight-
binding (TB) model suggest C4[InAs] = 7.0 eVA˚, and
C4[GaAs] = 6.8 eVA˚38. Although in the present paper
we utilize the EPM parameterization, we note that the
values from the TB model lead to considerably stronger
spin mixing.
In Ref.39, it has been shown that the off-diagonal
spin-orbit parameter ∆− significantly contributes to the
Dresselhaus coupling. Such a parameter is inherently
present in the full 14-band k · p Hamiltonian40. In
this work, we represent its influence (within the 8-band
k · p Hamiltonian) perturbatevely, where we took
∆−[InAs] = −0.05 eV, and ∆−[GaAs] = −0.17 eV39.
The full Hamiltonian of the system can be written as41
H =
∑
n
Enh
†
nhn +
∑
λ,q
~ωλ,qb†λ,qbλ,q +
∑
ij
Vijh
†
ihj ,
where En describes the energy of the n-th state and h
(†)
n is
the related annihilation (creation) operator. The second
term accounts for the phonon bath, where λ ∈ {l, t1, t2}
denotes the acoustic phonon branch (single longitudinal
and two transversal modes respectively), q is a wave vec-
tor, ~ωλ,q is a phonon mode energy and b(†)λ,q is the an-
nihilation (creation) operator of the mode. We assume
the linear dispersion ωλ,q = cλq with a branch-dependent
speed of sound cl = 5150 m/s, and ct1/t2 = 2800 m/s42.
The last term accounts for the hole-phonon interaction
Vij =
∫
d3rΨ†i (r)
[
H
(ph)
DP (r) + V
(ph)
PZ (r)
]
Ψj(r),
where Ψi(r) is a wave function of the i-th hole state in
the form of eight-component pseudo-spinors34,43, while
H
(ph)
DP , and V
(ph)
PZ represent the carrier-phonon couplings
via deformation potential and piezoelectric field respec-
tively.
The deformation potential coupling is described by the
Bir-Pikus Hamiltonian supplemented with the C2-strain
terms26,33,34,
H
(ph)
DP (r) = ac Tr{ˆ(r)}I(6c) + av Tr{ˆ(r)}I(8v+7v)
− bv
[(
J (8v)x
2 − 1
3
J (8v)
2
)
xx(r) + c.p.
]
− dv√
3
[
2
{
J (8v)x , J
(8v)
y
}
xy(r) + c.p.
]
− 3bv
[(
T (7v8v)xx + H.c.
)
xx(r) + c.p.
]
− 2
√
3dv
[(
T (7v8v)xy + H.c.
)
xy(r) + c.p.
]
+
√
3C2
[(
iT (6c8v)x + H.c.
)
yz(r) + c.p.
]
− 1√
3
C2
[(
iσ(6c7v)x + H.c.
)
yz(r) + c.p.
]
,
where ac, av, bv, dv are deformation potentials, ˆ(r) is
the (phonon-induced) strain-tensor field; I is an identity
matrix and σ, J, T are matrices used for the invariant
3expansion of the Hamiltonian with the superscripts re-
ferring to the band blocks44. We take GaAs values for
all deformation potentials and C2 parameter. To obtain
H
(ph)
DP in the representation of phonon normal modes, we
perform the expansion
ij(r) =
∑
λ,q

(q,λ)
ij e
iqr,
with the coefficients41

(q,λ)
ij = −
1
2
√
~
2Vρωλ,q
(
eˆqλ,iqj + eˆqλ,jqi
) (
b†−q,λ + bq,λ
)
,
where ρ = 5350 kg/m342 and V denote density and vol-
ume in the bulk crystal, respectively, and eˆqλ,i is the i-th
component of the polarization unit vector.
The coupling via piezoelectric field potential is given
by V (ph)PZ = eφ(r)I(6c+8v+7v), where e is the elementary
charge, φ(r) is the phonon-induced electrostatic potential
given by41,45
φ(r) = i
2d14
ε0εr
∑
q,λ
1
q2
(
qx
(q,λ)
yz + c.p.
)
eiqr, (2)
where εr = 12.4 is the relative dielectric constant
(here assumed equal to the bulk GaAs value46), d14 =
−0.16 C/m2 is the element of piezoelectric tensor (in a
zinc-blende crystal only one component is linearly inde-
pendent) for GaAs47.
The interaction Hamiltonian can be expressed by
Vint =
∑
λ,q
V(q, λ)eiqr,
where V(q, λ) contains H(ph)DP and V (ph)PZ for a single
phonon mode (q, λ). We calculate the phonon-induced
relaxation rates using the Fermi golden rule. The rate
between the i and j states is Γij = 2piRijji
(
Ei−Ej
~
)
,
where Rijji(ω) is the phonon spectral-density given by41
Rijji(ω) =
1
~2
∑
λ,q
∣∣ 〈ψi|V(q, λ)eiqr|ψj〉∣∣2δ (ω − ωλ,q) ,
where we assume absolute zero temperature.
III. RESULTS
A. Full model
In this section, we analyze hole spin-flip transitions
due to two distinct classes of mechanisms. The first class
is induced by band-off-diagonal terms in the multiband
carrier-phonon interaction Hamiltonian. As discussed in
detail in Ref.15, when the multi-band Hamiltonian is re-
duced to an effective two-band model (describing the two
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FIG. 2. (Color online) Phonon-induced spin-flip relaxation
rate in the lowest-energy Zeeman doublet as a function of axial
magnetic field for the QD structures A and B. Solid black line
indicates total rate while dashed colored lines indicate various
contributions. The lines are ordered depending on their con-
tribution to the considered process from greatest to lowest at
low magnetic fields. The inset in panel (b) presents the ratio
between total relaxation rates in the considered structures.
heavy-hole subbands in the present case) via Lo¨wdin per-
turbational decoupling, such terms lead to direct spin-
phonon couplings in the effective Hamiltonian. The sec-
ond mechanism relies on the band-off-diagonal terms un-
related to phonons that express various spin-orbit cou-
plings. As a result, the predominantly heavy-hole state
with a certain nominal spin orientation has contributions
(admixtures) of states with the opposite spin. Therefore,
states with nominally opposite spins may be coupled via
spin-conserving phonon terms (stemming from the di-
agonal elements in the k · p representation). Although
Lo¨wdin elimination is of less practical use for holes than
for electrons, the relation between the location of the
phonon term in the k · p Hamiltonian and the form of
the resulting effective term still holds in principle and
allows one to classify the numerous spin relaxation chan-
nels. Therefore, we will use the terms spin-phonon and
admixture to label spin-flip mechanisms in the following
discussion even though we study the full multi-band k · p
model.
In the Fig. 2, we present spin-flip relaxation rates due
to the interaction with the acoustic phonon reservoir as
a function of the magnetic field B applied parallel to the
growth axis [001]. Various lines in the figure correspond
to particular contributions to the interaction Hamilto-
nian. The rates are given for the two QD structures
(see Fig. 1) differing by the presence or absence of the
SRL and therefore strain distribution in the system. For
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FIG. 3. (Color online) Phonon spectral density at B = 1 T,
for the QD structures A and B, representing the absence and
presence of a SRL, respectively. Solid black line represents the
background related to various contributions, with all explicit
Hamiltonian terms being turned off. Colored dashed lines
represent cases of explicit terms being taken into account.
The vertical line corresponds to the energy difference E2−E1
between the states in Zeeman doublet.
low magnetic fields, the coupling via piezoelectric field
dominates, however around 10 T for the structure A and
7 T for the structure B this effects starts to saturate and
the coupling via the deformation potential becomes dom-
inant. This effect is caused by different power dependen-
cies of various spin-flip channels on magnetic field15,48.
The coupling via phonon-induced piezoelectric field ex-
hibits ∝ B5 behavior. On the other hand, the coupling
via deformation potential contains terms increasing like
∝ B5, ∝ B7, and even ∝ B9, which is clearly visible
in the line slopes in the logarithmic scale. The ∝ B9
contribution is related to some of the dv shear-strain off-
diagonal terms in H(ph)DP . Since in our approach V
(ph)
PZ is
diagonal, it is spin-conserving and gives rise to the spin-
flip relaxation due to the admixture mechanisms only.
On the other hand, for the coupling via deformation po-
tential, the off-diagonal terms clearly dominate over the
diagonal part. In consequence, for high magnetic fields
the direct spin-phonon coupling is the most significant
class of mechanisms.
We have compared the relaxation rates for the struc-
tures with and without SRL [see the inset in Fig. 2(b)].
In the presence of SRL, the relaxation due to strain-
related spin admixtures slows down. On the other hand,
in the structure B, the direct spin-phonon mechanisms
are stronger. In consequence, SRL increases the spin life-
time for weak and moderate magnetic fields, where the
admixture mechanisms dominate.
We have investigated the importance of various spin
admixture mechanisms to the phonon-assisted spin-flip
relaxation rate. This could be done by artificially turn-
ing on and off relevant explicit terms in the 8-band k · p
Hamiltonian. However, this may strongly affect the hole
g-factor, hence the resulting relaxation rates correspond
to different energies, making them hard to compare. In-
stead, we studied the relevant spectral densities (Fig. 3).
To remove all of the contributions coming from the di-
rect spin-phonon mechanisms, we took into consideration
only the coupling via the piezoelectric field. We per-
formed the simulations for both considered QD systems
at B = 1 T (where, according to Fig. 2, the coupling via
PZ field is the dominant contribution).
In the case of the QD without the SRL [Fig. 3(a)], the
dominant contribution is the biaxial strain (terms pro-
portional to C4). Another significant contributions come
from the shear strain in the valence band (terms pro-
portional to dv in Bir-Pikus Hamiltonian) as well as the
background related to the remaining contributions, such
as Rashba effect coming from structure inversion asym-
metry (SIA), represented in the Fig. 3 as solid black line.
These results are consistent with Ref. 49, where dv shear-
strain terms were shown as one of the most important
contributions determining the hole s-p coupling. The
contribution from the Dresselhaus bulk inversion asym-
metry (BIA) spin-orbit coupling is relatively small for
the structure A and it interferes destructively with the
background.
In the case of the structure B [where SRL is included,
Fig. 3(b)] the dominant C4 contribution is significantly
quenched, leading to an almost threefold reduction in
spectral density. The Dresselhaus term remains mostly
unchanged while the background contributions are re-
duced. This is to be expected for a low-strain regime,
where the Dresselhaus effect can be the dominant spin-
admixture-related relaxation channel14. In contrast to
the electron case15, for both considered structures the ef-
fect of off-diagonal terms linear in momentum and strain
(in H6c8v and H6c7v blocks) is negligible. Furthermore,
the influence of C2-strain is small and is included in the
background for clarity.
B. Effective model
The hole phonon-assisted spin-flip relaxation rates can
be accounted for using wave functions obtained from the
effective model with empirical parameters fitted to the
k · p simulation data. We use heavy-hole Gaussian wave
functions and a simple hole Hamiltonian based on the
Fock-Darwin model, supplemented by additional terms
accounting for the spin-orbit interaction49.
Let us consider the basis of s- and p-type states
{|0 ⇑〉 , |0 ⇓〉 , |+1 ⇑〉 , |+1 ⇓〉 , |−1 ⇑〉 , |−1 ⇓〉}, where the
indices correspond to the axial projections of envelope
and band angular momentum (jz = ±3/2) respectively.
The wave functions used for the calculations are Gaus-
5TABLE I. Effective Hamiltonian and Gaussian wave functions
parameters used in the effective model calculations.
∆V
(p)
0 15.92 meV V
(so)
pp 3.132 meV
Va 5.474 meV V
(so)
sp 164.1 µeV
gs 1.428 αs 1.999 µeV/T2
gp 4.633 αp 3.479 µeV/T2
W -0.288 meV/T
lz 15.69 nm lp 55.79 nm
sians expressed in cylindrical coordinate system
ψ
(ν)
0 (r, z) =
1√
pi
3
2 l2plz
exp
(
− r
2
2l2p
− z
2
2l2z
)
χν ,
ψ
(ν)
±1 (r, φ, z) =
r√
pi
3
2 l4plz
exp
(
− r
2
2l2p
− z
2
2l2z
)
exp(±iφ)χν ,
where χν is a spinor corresponding to the axial projection
of the band angular momentum and lp and lz describe the
spatial extension of the wave function in the xy plane and
along the z axis, respectively. The effective Hamiltonian
written in the considered basis is given by49
Heff = ∆V
(p)
0 (|1〉〈1|+ |−1〉〈−1|)⊗ I2
+
1
2
VaLz ⊗ σz +WBzLz ⊗ I2
+
1
2
µB[gs |0〉〈0|+ gp(|1〉〈1|+ |−1〉〈−1|)]Bz ⊗ σz
+ V (so)pp (|1〉〈−1|+ |−1〉〈1|)⊗ I2
+ V (so)sp [(|0〉〈−1| ⊗ |⇑〉〈⇓| − |0〉〈1| ⊗ |⇓〉〈⇑|) + H.c.]
+ [αs |0〉〈0|+ αp(|1〉〈1|+ |−1〉〈−1|)]B2z ⊗ I2,
where ∆V (p)0 is a bare energy difference between s- and
p-type states at B = 0, Va is a parameter related to the
anisotropy, W is a parameter accounting for the influence
of the envelope angular momentum, µB is the Bohr mag-
neton, gs/p are effective g-factors for s- and p-type states
respectively, V (so)pp corresponds to the spin-orbit coupling
for the p-type states, V (so)sp describes coupling between
s- and p-type states involving change both envelope and
band angular momenta, αs/p are diamagnetic parame-
ters for s/p-type orbitals, Lz is the operator of the axial
component of the envelope angular momentum, σz is the
axial Pauli matrix and finally In is a identity matrix of
order n. All of the parameters describing the effective
Hamiltonian are fitted to the magnetic-field dependence
of the energy levels obtained from 8-band k · p (see de-
tails in Refs. 36 and 49). Since, the fitting procedure
gives only the absolute values of parameters, the relative
phases of terms in Heff are assumed. We also neglected
terms |0〉〈−1| ⊗ |⇓〉〈⇑| + H.c. and |0〉〈1| ⊗ |⇑〉〈⇓| + H.c.
since they are not represented by any avoided crossing in
target magnetic-field energy dependence49. The param-
eters describing wave function spacial extension (lp, lz)
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FIG. 4. (Color online) Phonon-induced spin-flip relaxation
rate via piezoelectric effect (a) and deformation potential (b)
couplings as a function of magnetic field B for realistic k · p
calculations (solid black) and the effective model (dashed red).
are extracted from probability density maps at B = 0.
Finally, the effective Hamiltonian 6 × 6 matrix is diag-
onalized and relaxation rates are calculated using Fermi
golden rule (with the same interaction Hamiltonian like
in the full model).
We compare the values of relaxation rates obtained
from the effective model and 8-band k · p calculations for
the QD without SRL (structure A). Fig. 4(a) presents the
spin-flip relaxation rate via piezoelectric field alone. The
results show a reasonable agreement, and the characteris-
tic ∝ B5 dependence. In the Fig. 4(b), we present similar
comparison, but for the coupling via deformation poten-
tial alone. In this case, the results strongly disagree. In
particular, the effective model does not reproduce ∝ B5
and ∝ B9 dependence regimes characteristic for direct
spin-phonon coupling.
IV. CONCLUSIONS
We have presented a theoretical study of the hole
phonon-assisted spin-flip relaxation in a self-assembled
QD systems. With wave functions found using 8-band
k · p method, we have calculated relaxation rates related
to the phonon coupling via the deformation potential and
the piezoelectric field. In this framework, we have inves-
tigated the contributions coming from various channels
belonging to the spin-admixture and direct spin-phonon
classes of mechanisms. We have shown that the domi-
nating spin-admixture terms come from the biaxial- and
shear strain. We have shown that (for low and moder-
ate magnetic fields) the QD covered by a strain reduc-
ing layer offers significantly longer spin lifetime compared
to the bare QD system. Finally, we have demonstrated
that a relatively simple effective model gives a reasonable
agreement to the k · p simulation data.
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In this Supplemental Material, after Refs. [34] and
[43], we present the explicit forms of all the matrices, in
terms of which the 8-band k · p Hamiltonian terms in
Sec. II are given.
The σi are the Pauli matrices
σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
, σz =
(
1 0
0 −1
)
.
The Ji are the angular momentum 3/2 matrices
Jx =
1
2

0
√
3 0 0√
3 0 2 0
0 2 0
√
3
0 0
√
3 0
,
Jy =
i
2

0 −√3 0 0√
3 0 −2 0
0 2 0 −√3
0 0
√
3 0
,
Jz =
1
2
3 0 0 00 1 0 00 0 −1 0
0 0 0 −3
,
and J2 = J2x + J
2
y + J
2
z =
15
4 I
(8v).
The Ti and Tij are 2 × 4 matrix representations of
the position operator r and dyadic product r ⊗ r, re-
spectively. They appear in the off-diagonal Hamiltonian
blocks describing the coupling of heavy- and light-hole va-
lence subbands to the conduction and spin-orbit split-off
valence bands. For convenience, we give the Hermitian
conjugates of the Ti and Tij matrices.
T †x =
1
3
√
2

−√3 0
0 −1
1 0
0
√
3
, T †y = i3√2

√
3 0
0 1
1 0
0
√
3
,
T †z =
√
2
3
0 01 00 1
0 0
,
T †xx =
1
3
√
2

0 −√3
−1 0
0 1√
3 0
, T †yy = 13√2

0
√
3
−1 0
0 1
−√3 0
,
T †zz =
√
2
3
0 01 00 −1
0 0
, T †yz = −i
2
√
6

−1 0
0
√
3
−√3 0
0 1
,
T †zx =
1
2
√
6

−1 0
0
√
3√
3 0
0 −1
, T †xy = −i√6
 0 −10 00 0
−1 0
,
where Tij = TiJj + TjJi.
